SUPPLEMENT TO THE PAPER “COVARIANCE MATRIX ESTIMATION
AND LINEAR PROCESS BOOTSTRAP FOR MULTIVARIATE TIME
SERIES OF POSSIBLY INCREASING DIMENSION”

CARSTEN JENTSCH AND DIMITRIS N. POLITIS

ABSTRACT. In this supplementary material to Jentsch and Politis (2014) (subsequently denoted
by (JP)), we provide additional supporting simulations, an application of the MLPB to German
stock index data and proofs omitted in the paper.

1. ADDITIONAL SIMULATION STUDIES

Analogue to the simulation study conducted in Section 6.2 of the paper, we apply MLPB,
ARsieve, MBB and TBB to time series data of length n = 100, 200, 500 from an i.i.d. white noise
process X, = e, (WN model), where ¢, ~ NV (0, X) is i.i.d. normally distributed. Note that here
all proposed techniques remain valid for all choices of (sufficiently small) tuning parameters.

In Figure 1 and 2, the data is i.i.d. and in fact a bootstrap for dependent data is redundant
to capture any dependence structure. However, we compare MLPB, ARsieve, MBB and TBB for
l,p,s=1,2,...,20, i.e. the data generating process is over-fitted and hence slightly misspecified
by MLPB and ARsieve. Observe that f‘fgz computed for the MLPB becomes block-diagonal for
I < 0.5 and the scheme degenerates to become an i.i.d. bootstrap as is true for the ARsieve if
p = 0 [compare Remark 3.1], which would be of course most appropriate in this case, but are not
reported here. This is in contrast to MBB and TBB, which simplify to become Efron’s bootstrap
for s = 1. However, the MLPB with data-adaptively selected banding parameters performs very
well, where the individual choice seems to be slightly superior. The ARsieve appears to have
problems in choosing the proper lag order p = 0 which leads to a larger RMSE, but does affect
only slightly the performance wrt CR. In both Figures 1 and 2, it can be seen that wrt to RMSE
and CR, all bootstrap procedures lose in terms of efficiency with redundantly increasing tuning
parameters.

Figures 3 and 4 relate to Figures 1 and 2 in (JP) and show the corresponding results for
the second coordinate of X and u, respectively.

2. A REAL DATA EXAMPLE

In this section, we apply the MLPB method to real data. We consider log-returns of stock
prices of all 30 major German companies that are contained in the German Stock Index DAX
(Deutscher Aktienindex) from July 1st, 2008 — January 11th, 2010. The exact constitution of the
DAX is displayed in alphabetical order in Table 1 and the log-returns of the selected companies
Allianz, Bayer, Deutsche Bank, KON, Metro, Siemens, Telekom and Volkswagen are shown in
Figure 5.

Let P, = (Pry, .. .,P307t)T denote the vector of stock prices of the DAX companies at time
t ordered as in Table 1 and define X, = (Xig4,... ,X307t)T as the vector of their log-returns,
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FIGURE 1. RMSE for estimating Var(y/n(X1 — p1)) and CR of bootstrap con-
fidence intervals for p; by MLPB (solid), ARsieve (dashed), MBB (dotted)
and TBB (dash-dotted) are reported vs. the respective tuning parameters
l,p,s € {1,...,20} for the WN model with sample size n € {100,200, 500}. Line
segments indicate results for data-adaptively chosen tuning parameters. MLPB
with individual (grey) and global (black) banding parameter choice are reported.

ie. Xj;; = log(Pj:) — log(Pjt—1). We consider log-return data for d = 10,20, 30 stocks and
n = 100, 200, 300,400 trading days starting on July 1st, 2008. The MLPB procedure as de-
scribed in Section 3 is applied to estimate the distribution of the average log-returns of equally
weighted portfolios of these stocks over different time horizons. Based on an MLPB bootstrap
sample, we compute its vector-valued sample mean and its weighted sum, where the weights are
chosen to be equal and summing to one, i.e. in the notation of Section 5, we use the weight
vector b = éld. The case of equal weights is meant to mimic the realistic scenario of an investor
having a fixed amount of money to be invested equally on the d stocks chosen; increasing d
would then mean increasing the diversification of the investor’s portfolio without increasing the
total amount of money invested.

The via MLPB estimated standard deviations and sample means of the average log-returns
of the portfolios are displayed in Table 2 and the corresponding densities obtained by the R
function density() are shown in Figure 6, where the bandwidth is chosen by Silverman’s rule-of-
thumb and a Gaussian kernel has been used (the default setting of density() in R). To get these
results, the banding parameter [ has been selected by the (global) rule suggested in Section 2.3
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FIGURE 2. RMSE for estimating Var(y/n(X2 — p2)) and CR of bootstrap con-
fidence intervals for ps by MLPB (solid), ARsieve (dashed), MBB (dotted)
and TBB (dash-dotted) are reported vs. the respective tuning parameters
l,p,s € {1,...,20} for the WN model with sample size n € {100,200, 500}. Line
segments indicate results for data-adaptively chosen tuning parameters. MLPB
with individual (grey) and global (black) banding parameter choice are reported.

as displayed in Table 3, B = 1000 bootstrap replications have been generated and the tuning
parameters € and (8 are set equal to one.

Going from top to bottom in Figure 6, the effect of diversification can be seen as the number of
stocks in the portfolio is increasing; the apparent result is that the estimated distributions be-
come less skewed and more normal-looking. Furthermore, increased diversification is associated
with a decrease of the corresponding standard deviations as displayed in Table 2. Going from
left to right in Figure 6, i.e., increasing sample size, the distributions become also more peaked
due to the expected decrease in variance—see also Table 2. Although the rule for banding pa-
rameter selection seems to choose too large values for [ as shown in Table 3, the MLPB leads
clearly to reasonable results. Table 3 also indicates that it may happen in practice that the
selected banding parameter do not increase monotonically with sample size; this is, of course, a
finite sample phenomenon.

To conclude the discussion of the real data example, two remarks are in order. First note
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FIGURE 3. RMSE for estimating Var(y/n(X2 — p2)) and CR of bootstrap con-
fidence intervals for ps by MLPB (solid), ARsieve (dashed), MBB (dotted)
and TBB (dash-dotted) are reported vs. the respective tuning parameters
l,p,s € {1,...,20} for the VMA(1) model with sample size n € {100,200, 500}.
Line segments indicate results for data-adaptively chosen tuning parameters.
MLPB with individual (grey) and global (black) banding parameter choice are
reported.

that financial returns are invariably assumed to be nonlinear time series, and are typically mod-
elled as ARCH or GARCH processes. However, the MLPB is proven to work also for the sample
mean of time series that are not necessarily linear—see e.g. Theorem 4.1, and thus is applicable
here. In this real data example, we have used up to d = 30 stocks and sample size n = 400.
This leads to a (12,000 x 12,000) covariance matrix whose eigenvalues and eigenvectors have
to be computed and which has to be Cholesky decomposed and inverted to apply the MLPB
scheme. The simulations have been executed on the bwGrid Cluster provided for scientific com-
puting by the University of Mannheim with R version 2.13.2, where it is possible to do this for
dn = 12,000. Without having access to such computational power, we propose to use the less
demanding modified bootstrap scheme described in Section 5.4 of the paper, which results in
qualitatively similar results, if S is chosen sufficiently small.
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FIGURE 4. RMSE for estimating Var(y/n(X2 — p2)) and CR of bootstrap con-
fidence intervals for ps by MLPB (solid), ARsieve (dashed), MBB (dotted)

and TBB (dash-dotted) are reported vs.

the respective tuning parameters

l,p,s € {1,...,20} for the VAR(1) model with sample size n € {100,200, 500}.
Line segments indicate results for data-adaptively chosen tuning parameters.
MLPB with individual (grey) and global (black) banding parameter choice are

reported.

Adidas
Allianz
BASF
Bayer
Beiersdorf
BMW
Commerzbank
Daimler
Deutsche Bank
Deutsche Borse

Deutsche Lufthansa
Deutsche Post
Deutsche Telekom
E.ON
Fresenius
Fresenius Medical Care
Heidelberg Cement
Henkel
Infineon

K+S

Linde
MAN

Merck KGAA

Metro

Minchner Rick

RWE
SAP

Siemens

Thyssen Krupp
Volkswagen

TABLE 1. DAX companies (on June 1st, 2012).
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FI1GURE 5. Log-returns of stock prices of selected German companies contained
in the German stock index DAX for 400 trading days starting on July 1st, 2008.

T T
300 400

n = 100 n = 200 n = 300 n = 400
d mean ‘ sd mean sd mean ‘ sd mean sd
10 | -0.1309 | 1.1227 | -0.4461 | 0.8266 | -0.1449 | 0.7167 | 0.6661 | 0.5414
20 | -0.8819 | 0.7957 | 0.2131 0.6524 | -0.0601 | 0.5120 | 0.1505 | 0.5206
30 | -0.7321 | 0.8084 | 0.7269 | 0.6058 | -0.0511 | 0.5790 | 0.0536 | 0.4911

TABLE 2. Comparison of bootstrap standard deviations and sample means x 103,
respectively, of average log-returns of equally weighted portfolios for different
number of stocks d = 10, 20,30 and n = 100, 200, 300,400 trading days starting
on July 1st, 2008.

1 "1 100 | 200 | 300 | 400
10 18 | 14 | 16 | 16
20 18 | 19 | 36 | 36
30 28 | 37 | 36 | 37

TABLE 3. Banding parameters selected by the rule-of-thumb suggested in Section
2.3 for log-return data for different number of stocks d = 10,20,30 and n =
100, 200, 300,400 trading days starting on July 1st, 2008.
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FIGURE 6. Bootstrap density plots of the average log-returns of an equally
weighted portfolio that contains d = 10,20, 30 stocks (from top to bottom) for
n = 100, 200, 300, 400 (from left to right) trading days starting on July 1st, 2008.

APPENDIX A. PROOFS

Proof of Theorem 2.1. Symmetry of f‘,@l — 'y, together with problem 21, p. 313 in Horn
and Johnson (1990) and plugging-in for I, ;(¢, j) and T4, (i, j) yields

dn

p(Tuy —Tqn) < maz Z|Hz(m2(i,j))Aml(z‘,j)(mz(i,j))—le(i,j)(mz(i,j)ﬂ

1<y<dn “
=1

d n-—1

23" N |m(R)Cij(h) — Cij(h)].

i,j=1 h=0

IN
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where the second inequality is implied by the definitions of m(-,-) and ma(-,-) in (2.4). By
splitting-up the expression on the last right-hand side above and plugging-in for x;(h), we get

LCHZJ n—1
p(Trs —Tgn) < 22 Z| — Cii(W+ D |k(W)Cij(h) — Cii(W)+ > |Cij(h)]
7,7=1 = h=Il+1 h=|ckl|+1

=:m+@+&.
Now, before considering A; and As separately, note that

min(n,n—h)

~ — — h
IC35(h) = Cyg (M)l = | Yo Kiprn — X)) (X — Xj) = (n = [R)Ci(R)|2 + n‘HCz'j(h)b
t=max(1,1—h)
M|k
< — + —|Cii(h)], Al
< St () (A1)
where the second inequality follows from assumption (A2). Using this result, we obtain
2M d? ( |h|
\A1||2<222<+ Cy(h) < +2Z
i,j=1 h=0
Now, consider As. First, it holds
d el ] lewl]
Ay < 22 Y kWICii(h) = Cis(m) +2 > [ri(h) = 1[|C(A)h
i,j=1 h=I+1 h=1+1
d el ] R lewl]
< 23 3 |Ciy(h) = Ci(h)[+2 > [C(h)
i,j=1 h=I+1 h=I+1
and straightforward application of (A.1) results in
d el ] lewl]
Ay < 230 3 ( ﬂh)\) 23 (el
4,j=1 h=I+1 h=Il+1
lewl] lewl]
2Md*(|exl] — - | | -
< +2 Z )|y + 2 Z |C(h
\/N h=I+1 h=I+1
O

Proof of Theorem 2.2. R

Without loss of generality, the eigenvalues of R, ; can be ordered such that r; > 7y > --- > rg,
and let A\par(A) and Ajpin(A) denote the largest and the smallest eigenvalue of a matrix A,
respectively. Then, by Corollary 4.3.3 in Horn and Johnson (1990), it holds

—Tdn = _)\min(ﬁn,l) = )\max(_ﬁn,l) < )\ma:p(Rdn - ﬁ%,l) < p(Rdn - ﬁ'n,l)a (AQ)

where Ry, = V-V 2I‘dn{\/'_l/ 2 and the last inequality follows from the definition of the operator
norm and the spectral factorization of a symmetric matrix. Further, it holds

I, -T,, =V/?s(D - D)STV'/2

Kyl

where

D¢ — D = diag (max(r,;, en™®) —ri=1,..., dn) = diag (maw(O, en™P—r)i=1,... ,dn) )



SUPPLEMENTARY MATERIAL 9
Together with (A.2) and
p(Tan —Tpy) < p2(V/2)p(S(DS — D)ST) = max Cii(0) - max(0, en™ — rg,)
this leads to
p(f;l —T4n) < max(0,e max; @i(O)TfB — Tan) + p(f‘,{,l —Tan)

. 1 . .
< maxCy(0) [ en ™ + ————p(Tgp — L)) +p(Tan —Twy)
g max; CM(O)
= ¢ max Cyu(0)n =" + 2p(f‘n,l —Tan).
From ||Cy(0)]|2 = Cii(0) + O(T) 1,...,d and Theorem 2.1, we get the desired result. [

Proof of Corollary 2.1.

By (A1), Gerschgorins Theorem and by (A3), we have that p(T'qy), p(T';)), p(FI/ ) and p(T 1/2)
are bounded from above and from below. The claimed result for P(f‘z,z — T'yy,) follows directly
from Theorem 2.2and the corresponding result for the inverses of f;l and Iy, follows from the
proof of Theorem 2 in McMurry and Politis (2010). The claimed convergence of the Cholesky

matrices is established through Theorem 2.1 of Drmac, Omladic and Veselic (1994), which
provides the bound

o (g2 -7 < 2ol V2T (B, — Dan)(T5)T)
Kyl

\/1_402 T, (T, - D) (T, /A7)

(A.3)

where ¢, = 3 + [logy(dn)] if the radicand in the denominator above is strictly positive. Since

p(I‘il{f) and p(I‘;nl/Q) are bounded from above, the desired results hold if log?(n) - r;, = o(1).
The corresponding result for their inverses follows from

L, /° = (0572 = ()72 (B2 = Ty o

which also implies boundedness of p((I‘;l)l/Q) and p((f‘f@’l)*l/Q) from above and from below,
which concludes this proof. ]

Proof of Theorem 4.1.
Let Z be the bootstrap sample that is defined analogue to Z* in Step 4 of Section 3 in (JP)

except that the resample is drawn from the standardized values of W =T, 1/ Y instead of

W = (I‘6 - /2y’ Now, the proof of Theorem 4.1 proceeds through a sequence of lemmas.
Lemma A. 1(i) gives the justification for using

Yy =17 (A.4)

in all subsequent computations instead of Y*. Furthermore, we define C*)(h) = C(h)1(|h| < k)
and let Ty, = (C(k) (¢ —j),1,j7 =1,...,n) be the k-banded version of I'g,. The matrix Ty,
is banded in the sense that only the (2k 4+ 1)d main diagonals are not equal to zero and for all
sequences k = k(n) — oo, it holds p(Tgnr — Lan) — 0 as n — oo due to p(Pan i — Lapn) <
23 72 w41 |C(h)|1, which is obtained analogue to the proof of Theorem 2.1. Let I‘;{fk be the
Cholesky decomposition of Iy, ,, which exists for sufficiently large k by (A3) and note that only
its main diagonal and the d(k+1) secondary diagonals below the main diagonal contain non zero

/2 (0). The second part of Lemma A.1 allows us also

elements which are all bounded by maz; C’Z-IZ

to replace I'; / in (A.4) by I‘l/ and to get asymptotically the same results. Lemma A.2 gives
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the proper limiting bootstrap variance, while Lemma A.3 proves boundedness in probability of
2 ~x
E*(Z}*) and Lemma A.4 deals with asymptotic normality of ﬁ > Y.

Lemma A.1. Under the assumptions of Theorem 4.1, it holds
(1) ! Zn:Y* ! Z =op«(1) and (i) ! Zn:f/* Z V' =0
N Y, — = P* —_— Y, — = P*
Vo=~ =t

where z* F1/2 Z .

Proof. (i) Let J = [Iz: --- : I] be the (d x dn) matrix that consists of n (d x d) unit matrices.
In the following, we show that ﬁbT Y Yr = ﬁbT Yoy Y, + Op-(log*(n) - 1) for any

R valued vector b. We have
1 oo~y 1oy 125+ T ypl/2 >* Lors (e \1/2 pl/2) o«
STYYE = T 2 +fb AR AR L I(@ -1tz

1 re= o
= 20" Y, +Ri+R;
VoS

and it remains to show that R} and R3 are asymptotically negligible. Considering R3, we get
o 1 = 1/24 /5 1/2
EY(R?) = bTI(T )" - Ty () T )Ty
1 ~ ~ T
< EQTJJTQ)\WM <((r;l)1/2 — I‘clsz) ((rﬁw)m _ 115117/12) )

e 1/2
= b (V2 - T?)

and this leads to R5 = Op~(log?(n) - r;,,) by Corollary 2.1. Now, we turn to R}. First of all,
observe that Z* and Z : may be represented as

1

Z* == M*T (Idn_ !

% 1dn><dn> (]-‘657[)71/2X7

4 o

O

- L1 1 B
Z = M'— <Idn - dldnxdn> (Fdn) 1/217
n
where Iy, is the (dn x dn) unit matrix, 14,xdn is the (dn x dn) matrix of ones and each row
of the (dn x dn) matrix M* is independently and uniformly selected from the standard basis
vectors ey, ..., eq,. This yields

* 1 1/28 rx 1 He \— —
Rl _= beJF / M <Idn — d/nlandn> ((I‘I{,Z) 1/2 — (Fdn) 1/2) Z
1 1 1 1/2 1 e
— — — ) —=bTITME ( Lan — —Lansan | (TS,) Y2V
+ (a\W 3W) \/’717 dn ( d dn dnxd ) ( H,l) £

= R3+ R}
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and for R3, we get

* (¥ % 11 « 1 e B
E*(R?) = E <02 bTJrl/QM <Idn dnldnxdn) ((Fn,l) 1/2_(Fdn> UQ)X
~ T 1 T 12
xY'" ((I‘f@z)fl/2 - (Fdn)71/2> <Idn - 1dn><dn> 1Y i i b K
’ dn
n-
W

where V* is a bootstrap vector drawn from (I, — ﬁldnxdn) ((f‘; l)_1/2 — (I‘dn)—l/Q) Y. Due
to independent resampling, it holds E* (K*K*T) = 0?1y, with

~ T 1 T
of = YT (@)~ Ca) ) <Idn - dnldnxdn)
1 ~
* «T a4 r* e \—1/2 —1/2
xXE (Mj- Mj-) <Idn - dnldnxdn) <(I‘n,l) /2 (Fdn) / )X
~ T
= %YT (( Z,l)_1/2 - (Fdn)_1/2> <Idn 1dn><dn) 6 —1/2 (Fdn)_l/Z) X

1

1 ~ VP -
%XTZAmax <(( n,l) 1/2—(rd) 1/2> <Idn Cl 1dn><dn> ((Fn,l) 1/2—(Fdn) 1/2>)

1 o T 1
%XTXPQ <((Fn,l) V2 — (D) 1/2) > p (Idn - dn]-dnxdn> :

IN

IN

where M7, denotes the jth row of M* and E* (M;.TMJ*.) = %Idn- Thanks to Y'Y = Op(dn),
P((T%) 12 — (L)~ 2)T) = Op(log2(n) - 710) and p (L — 2 Linxan) = O(1), we obtain

= n

) 0\2/ Lopsor V /2
E (R3 ) < ET*Q JJ b)‘max(rdn) = ’b| ( )
W

resulting in R = Op-(log?(n) - 71.,) because 3% is bounded away from zero and from above

with probability tending to one. Finally, since the same holds true for 812,1/, to handle R}, it is
sufficient to show |53, — 8%7 = Op(log?(n) - T1n). By plugging-in, we have

1 _ 1 2, ~
%XT(Fdr}/Q)T (Idn - dnldnxdn> (Fdnl/2 - (F;,Z) 1/2) X

Lor(p=172 _ e y-12\" (1 1 ? s ~1/2y
+ %7 ( dn *( ’%l) > dn*% dnxdn ( H,l) L
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and by Cauchy-Schwarz inequality, the first term above is bounded by

1 2 1/2
T —1/20T 1 1y
(dny (F ) (Idn an 1dn><dn) (Fdn )Y)
1 T 1 2 1/2
12 e I
X (dTLYT <rdn/ — (Fn,l) 1/2> (Idn — dnlandn) <rdn/ _ (Fn,l) 1/2> Y)

1 —1/2 1 —“1/2  me y—1/2\ " 1
< %XTXP ((Fdn/ )" <Idn - dnldnxdn)> P <(Fdn/ — (L) 1/2> <Idn - dnldnxdn>)
= Op(logQ(n) . ""l,n)‘

Analogue computations for the second term leads to R} = Op+(log®(n)-r;,), which concludes the

proof of the first assertion. The claimed equality in (ii) is obtained from a similar calculation as
executed for R}, where p(I‘Cllfk - 1"(1][1/12) = O(log?(n) - s3,) is used. The last result follows as in the
proof of Corollary 2.2, from (A.3) with (f‘;l)l/Q replaced by T’ / . and p(Lgp e — L) = O(sy),

where s, = > 72,1 [C(h)]1. O
Lemma A.2. Under the assumptions of Theorem 4.1, Var* (\th Y ) > hez C(h)+op(1).

Proof. For any R%valued vector b, we get by standard arguments

1 o= 1 1 <
* T _ T Ty _ 3T . . _ T
ar (b \/ﬁ;_lYt>—nb JI;,J°b=0b - E Cii—j)|b=0b ( E C(h )b-i—o 1).

ij=1 h=—o0
O
Lemma A.3. Under (A1)-(A4) with some q > 2, we have E*(|Z1|*7) = Op(1). Under (A1)~
(A4'), we have E*(|Z1|*1) = Op(di/?).
Proof. Due to E*(|Z1]*) = L 529" 12,19, we show E(|Z]%)

= HZth = O(1) uniformly in ¢t. By
= (aij)ij=1,..an and A,(j) = (ay,j—1)dt1, - - - e ga)’, we get

defining (Idn - %ldnxdn)(Fdn)_l/2

~ 1 1

7= et (1= L) (T 1/2y_7 AT (j AT(

= el (Lo i) (Tan)” Z Z 4

and thanks to boundedness of 3%, it suffices to consider the two terms in parentheses above in
w

the following. For the second one, we get from triangle inequality and (A4) that
q

n n d n d
IS ATG) (X =) 12 = 13>t mnyire (s — 1) 12 | SO Jargoryinel | Opn9/2)
j=1 j=1s=1 j=1s=1
holds and together with
1/2

n d dn dn
SN angovarsl = Y largl < [dnd a2, | < Vdnp(T,!?) = 0(Vdn)  (A.5)
j=1 j=1

j=1s=1
by Cauchy-Schwarz, this term is of order Op(dq/ 2) and bounded in probability for fixed d. Now,
we turn to the first term. We define P;_,, X, = F(X ,u\]-"] m) — BE(X; — p|Fj—m-1), where
Fr=0(X;—p,s<t)and set My pnp =371 A AT (5 {E — p|Fjom) — B(X; — plFjm-1)}-
This yields Z?Zl AT (H(x i) = Yooy My ¢ almost Surely and now the desired result follows
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from || Y00 M nelld < (oo | Mimm,tllg)? < oo uniformly in ¢. By Proposition 4 in Dedecker
and Doukhan (2003), we get || Momntlly < (2¢ 357 bimnt)'/?, where
l
bimnt = XA (D) PiomX; Y B(AT (k) P X M) g2

i<l<n ’
k=i

with M; = o(Al (k)Py_mX,0 < k < 4). For the conditional expectations above, we obtain
E(AT () P_n X ;| M;) = AT (i) Pi_ X, for k = i and

E(A{ (k) Pom X | Mi) = AF (k) E(E(X | Fiomm)|Mi) — Af (k) B(E(X 4| Frmm-1)IM;) = 0
for all & > i due to M; C o(Fg_pm—1). This leads to
bimat = (AY (1) Pi-mX:)?llgr2 < AL (AP Xs)" Piemn Xl g2

by Cauchy-Schwarz, where the first factor equals Z s=(i—1)d+1 a?, and the second is bounded by

d
Z (P X))/ < d max (B(Piom Xpi))*'" = d max (E(PXpm)?)*/".
This results in
||ant||q < QqZ Z afsdpiriaxd(E(PoX (2quatz> max ||P0Xpm||§A 6)
=1 s=(i—1)d+1 o

and (30°_o [Mmnillq)? = O(d??) by similar arguments used to get (A.5). In particular, the
last term is bounded in probability for fixed d, which concludes this proof. O

Lemma A.4. Under the assumptions of Theorem 4.1, ﬁ Yoy E converges in distribution in
probability to a centered normal distribution with variance obtained in Lemma A.2.

Proof. By Lemma A.1(ii), we may consider b Zt Y * for some Ré-valued vector b and
prove its asymptotic normality by using the Cramer Wold dev1ce. We have

Z —bTJ( vz Zn_l/QbTJI‘l/z (0,12 = ZU* (A7)

=1 =1

with an obvious notation for U/, where I‘;fk(o, i) denotes the ith column of I‘(lifk. Then, the
desired result follows from a CLT for triangular arrays [cf. Billingsley (1995, p.362)] which
follows if the Lyapunov condition (for § = 2), i.e

dn

1
Var 58 7)) ; B (UFY) = 0 (A.8)

in probability as n — oo is satisfied. Considering the denominator, we get that
dn 2 1 2
. (TTH 1/2 . 1/2 .
(ZE (Uﬁ)) (Z bTerQk LT ITY k(o,z)) — <anJI‘dn,kJTb>
i=1

is bounded from below and from above due to p(T'gy i — Lgn) — 0 for any & — oo and (A3).
With Lemma A.3, we get for the numerator

(U 172 * (K 1/2 .
ZE Uit) = Z (I 0 0) B < 30 T (o, ) S0p ()
=1

1= 1
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and with |JF§/2k(o i)[3 = O(k*d?) uniformly in i, we obtain Zfﬁl E*(Ur*) = Op(d®k*/n).
Altogether, this leads to

4
<wmilww§ﬁwm56”@):”m

for some appropriate sequence k = k(n) that satisfies log?(n)sy = o(1) and k* = o(n), which is
assured to exist by (A1) with some g > 0. O

Proof of Theorem 4.2.

Let J, (w) = \/ﬁZL Y,e " and I:Lk(w) = \/%2?21 g:’ke*it“’ be the discrete Fourier
transforms based on Y7,...,Y  and Xi’k, ..., Y*F as defined in (A.4) and in Lemma A.I,
respectively. The corresponding periodograms are denoted by If(w) = ﬁ(w)ELH(w) and
I (W) = I;k(w)j;kH(w) such that

3]
> Kylw —w))T(wy)

n—1

J==1"5"]

~ 1
£~ = —

@ = -
and ffv'*k(w) analogue with T:L (wj) replaced by ﬁk(w]) are approximations to the bootstrap kernel

spectral density estimator £ (w). The proof proceeds through a sequence of lemmas. Lemma
A5 gives the justification for considering

Vib(fi (@) = foq(w)) = Vnb(fiy(w) — E*(fiy(w))) + VRb(E* (fiy(w)) = fog(w))

in the following and to prove the CLT for these expressions, where f as defined in Lemma A.5
below. Lemma A.6 gives the covariance structure of the stochastic leading term above, Lemma
A.7 deals with the asymptotics of the bias term and Lemma A.8 provides asymptotic normality.

Lemma A.5. Under the assumptions of Theorem 4.2, it holds

~x. k

() L) = Ly(w) =op-(1) and (i) J,() = I, (@) = op(1)
uniformly in w, respectively. Further, it holds

(iii) \/%(?*(w)—f*(w)):OP*(1) and  (iv) Vnb(f*(w) — £%(w)) = op+(1)

and, for f(w) = Z_l_(n_l) C(h)e ", we have (v) v/nb (?'(w) - f'(w)> = op(1) for all w.
Proof. (i) Let J, = (e7¥, ..., e ™) @I, and b € C?. Then, we have
W (L(w) = Jo(@)) = %bTJ ()22 =2 + (B = (Ca)?) 27)

and analogue to the proof of Lemma A.1 we obtain the claimed result, where uniformity follows
from the fact that b7J, T, b is independent of w. Part (ii) follows similarly. (iii) Plugging-in
for f*(w) and f*(w), yields

fw%@w—ﬂw>svf 3 it =)o (i) () - Tote) )
Ln 1J

U T (P T
=—[25)
= A1+A2.



SUPPLEMENTARY MATERIAL 15

By using part (i) of this lemma, we get
L3]

A< @ > Kolw—wp)p (L) p (L)) = I @))) = Op (Viblog2(mri,)
j=—1%5*]

and an analogue result for As. Part (iv) follows in the same way and is omitted. (v) By
plugging-in for f(w) and f(w), we get

» B \/% n—1 \/’f% n—1 R
Wab(Ew) ~Fe)li < 5 Y - mm)Iomh + 5 S wh) [owm) - )|,
h=—(n—1) h=—(n
and the first summand above is of order Op(v/nb - 5;) and the second one is Op(V/bl). O

Lemma A.6. Under the assumptions of Theorem 4.2, it holds

nbCou* (f;;w,ﬁsm) = (o) Faa @iy + s Fr @0 ) 5= / K2(v)dv + op(1)

for all p,q,r,s = ,d and all w, X € [0, 7].
Proof. We have

5]
o ¥ b T
nbCov (qu(w)7 frs()‘)) = ﬁ Z Kb(w w]l)Kb()‘ WJQ)COU ( npq(wjl)’ln rs(wh)IA 9)
kl,kQZ_L%J

and the conditional covariance on the last right-hand side above becomes

n dn
1
s 3 ST TRt~ Vd + i) DY (8 — 1)d + q,i2)Ty 2 ((ts — 1)d + 1, i3)
T g ot ta=1 i iz i ia=1
D2 ((ta = V)d + s,10)Cov* (2}, 23y, 7, 27, e (=120 ¢ilts=ta)en, (A.10)

and due to i.i.d. resampling, we have

1, i1 = 13,12 = U4 OF 11 = ig,12 = 13
Cov* (Z;;Z;Q’ Z;;Z;Z) = E*(Zz*4) =3, 1=l =13=14 : (All)
0, otherwise

Both combinations of the first case in (A.11) together with (A.10) lead to

1 <« 4 . n , ‘
el Z Cor(t1 — t3)e ™M1 gitssn i Z Cos(ta — t4)€i< ¢~ 113
2mn vl 2mn Nt
1 - 1 n
D Cpalty —ta)e™Memem M | | o N 1 Oty — tg)e’2n etton
2mn t) fam 2N Bl
= Sor(wii) fas(wji) 101 = 52) + Fps(wji) far (0j1) 101 = —j2) + (1) (A.12)

uniformly in wj, and wj,, respectively. To handle the second case in (A.11), observe that we may

replace all entries of T'; / by the corresponding entries of its k-banded version T’ d/ I (A.10)
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by Lemma A.5. Therefore, we obtain

A2 le Z <Z F1/2 tl -1 d_|_p’ zt1wj1> (Z F1/2 t2 . 1 d+q, ) ztgwh)

=1 t1=1 to=1
(Z T2 ((ts — 1)d + 7y ”3%) (Z T2 (ks — D)d + 5,0)e Wm) (B*(Zi" -3)
tz3=1 ty=1

- or(2)

uniformly in wj;, and wj, due to the banded shape of I‘Cllfk and Lemma A.3. Together with
(A.9), the second case in (A.11) becomes Op(bk*) = op(1) under the assumptions. O

Lemma A.7. Under the assumptions of Theorem 4.2, it holds
s [ 7 1 ™
E (qu( )) qu( w) = b2le)/q(w)47r/ v? K (v)dv + op(b?)

forallp,qg=1,...,d and all w.
Proof. Straightforward calculations yield

e T 1 = 1 = ‘h‘ —ihw; —ihw
E (f (w)) —fw) = — Z Kb(w—wj)z— —— | C(h) (e i—e )
fSpEsS Tty s
2
1 ) 1
+ - Y Kyw—wj) -1 o Z C(h)e ™,
j:_|_";1J h=—(n—1)
where the second term is negligible thanks to | ZL 2 NESY Ky(w — wj) — 1| = O(Z%). The

first term can be treated as in Lemma 7.4 in Jentsch and Kreiss (2010), which concludes this
proof.

Lemma A.8. Under the assumptions of Theorem 4.2, \/nb(:’;q( 1) — E*( (W) @ pg =

L dil=1,...,8) converges in distribution in probability to a centered d*s- dzmensz’onal nor-
mal distribution with covariance matriz as obtained in Lemma A.6.

Proof. We prove asymptotic normality only for v/nb( pq( w) — E*(f, fx ,(w))) in the following and
a more general result follows from the Cramér-Wold device. Flrst note that the quantity of
interest may be expressed as a generalized quadratic form, i.e.

Vi (Fi(@) = B (J(@))

dn n L3]
Vb 1 : —i(t1—t2)w;
D=y 1D D SRR UCET

i1,92=1 t1,t2=1 J:_I.nT_lJ
XT3t = D+ p, )T (e = Vd + ,i2) (7, 2, - EX(Z3, Z3))
dn
= > w4 Z})
1179=1

= Z W1112+szz Z* Z*

1<i1<ia<dn



SUPPLEMENTARY MATERIAL 17

with an obvious notation for w;, g, (Z* Z*Q) and with Wi, s, = wi (2} Z’;) + Wiy, (23 Zl*l)

217 217 127

Due to i.i.d. resampling, we can apply Theorem 2.1 of deJong (1987) to the quadratic form. It
is clean by an easy computation and its variance is bounded, such that it remains to show that

dn . .
() max E*(|Wi1i2‘2) — 0 and (i) | Z1SZ1<Zz§dn ivis

Ishisdn 2= (B~ Zl§i1<i2§dn Wiis|?)?

— 3

hold in probability, respectively. To show (i), examplarily, we consider only the first term of

|Wi,i,|? in more detail, that is, ]wiliz(Z*l, Z7)? and we get

B (wiia(Z3,, Z3)P) (A.13)
b - o , . L |
T dnln Z n Z Ky(w — le)e_z(tl_mwh n Kp(w — wpy )t t)wi
AN =125

xTY2((t = V)d + p, i )T (b — V) + g, i) T2 (83 — V)d + p, i )T (ts — V)d + q,i0)Var*(Z} Z5).

The conditional variance above equals 1+ (E*(Zf‘l) —2)1(i; = i2) and we may replace all entries

of I‘% . by the corresponding entries of its k-banded version F;{fk by Lemma A.5 in the following.
For any fixed i1, we obtain by summing over i9 for the first case

) n . | T |
472n, Z g Z Kb(w - wj1)e_1(t1_t2)wjl E Z Kb(w - wjz)el(tg_u)wm
t1,la,t3,ta=1 jlzftanlJ ijL"TflJ

T2 (1 = 1)d + p,i1)Tan((t2 — 1)d + g, (ts — 1)d + q)Ty 7 ((ts — 1)d + p,i1)

= 0 (f) + 0 (bk?)

and with use of Lemma A.3, we get for the second case

b n 1 5] ' 1 5] ‘
1nin > ” Y Eplw—wj)e i - Y Eplw—wy)ellsmin
t1,t2,t3,t4=1 le_L%J jQZ_L%J
XDy% (b = 1)+ p, in) T (2 = 1)d + q,i2) DL (85 — 1) + p, i) T (b4 — D + g, 7o)

4
~ o (%)
n

uniformly in iy, respectively, and both terms above vanish asymptotically for some suitably
chosen sequence k which is possible by the imposed conditions. Being concerned with (ii), we
consider first the numerator and get

A 4
dn
E Wi1i2 =F Wiy iy (Zi17 le)
1<ii<io<dn i1,02=1

i17i2
and by expanding the above expression, we see that the most contributing case is where we
have four twins of equal indices. All other cases are of lower order. If we take all summands
above into account, only three combinations of twins do not vanish and each of them yields
const? - fﬁq(w). For the denominator, we get (const - fzq(w))2 which concludes this proof. For
details compare for instance the proof of Theorem 2 in Jentsch (2012). O
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Proof of Theorem 5.1.

Under assumptions (A1’) and (A2'), we get the same bounds as obtained in Theorems 2.1, and
respectively, and |C(h)|; < d?sup,,cy SUp; j—1,...dn) |Cij(h)| leads to the first part of (i). By
similar arguments as employed in the proof of Corollary 2.1, we get also the second part under
(A3') and convergence to zero in probability under the imposed conditions. Analogue to the
proof of Corollary 2.1, we get (ii) and (iii) by exploiting the bound in (A.3) for the Cholesky
factorization. O

Proof of Theorem 5.2.
We follow the proof of Theorem 4.1 and adopt the notation therein. First, analogue to the proof
of Lemma A.1, we get for any real-valued sequence b = b(d(n)) of d(n)-dimensional vectors with

0< M; <b(d(n))3 < My<oo forall neN (A.14)

that the following holds

1 & 1 o
(@) b | =D Yi|=b" (== > Y, | +Op-(log*(dn)d*Fi,),
1< 1 ok
T o T v 2 2~
— Y, | =b | = Y + Op~(log*(dn)d-sy),
where 77, is defined in Theorem 5.1 and 8 = >°3%, | {sup,en Sup; j=1,_4(n) [Cij(h)|}. Both
O p«-terms above vanish under the imposed conditions. Similar to the proof of Lemma A.4, we

want to show asymptotic normality for (A.7) and, therefore, we have to check the Lyapunov
condition (A.8). For the denominator, we get that

dn 2 dn 2 2

(ZE*(U?2>> = (Z SHT T2 (0 )BT ITYE (o, z)) =<1bTern,kJTb)
n

=1

i=1

is bounded from below and from above due to (A.14), (A3’) and p(Tgy x —Tan) — 0 for a suitable
sequence k — oo assured to exist by the imposed assumptions. For the numerator, we get

dn dn

* * 1 1/2 .
DEU) <Y ST (e, )BOR (%) = Op(dK /),
) i=1

where Lemma A.3 for increasing time series dimension has been used. This gives

. d5k4 -
(Var <zj T ZE 7 =0 (57) = ortt)

for some appropriate sequence k = k(n) that satisfies log?(dn)d?s, = o(1) and d°k* = o(n),
which is assured to exist by (A1’) with some sufficiently large g > 0. Further, we get

1 - . | _
W= = 4T {E(XXT) - E*(XXT)} 37 = 4" H{Tan — T3 137
1 2 /4 R R 1/2

< (anJJTb) (anJ{Fdn - F;,l}{rdn - FZ,Z}TJT5>

< [b3p(Tan —TC,)

which concludes the proof as p(T'g, — f‘; ;) = op(1) and [b3| = O(1) by assumption. O
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